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THE ALMOST GORENSTEIN REES ALGEBRAS OVER 
TWO-DIMENSIONAL REGULAR LOCAL RINGS 

SHIRO GOTO, NAOYUKI MATSUOKA, NAOKI TANIGUCHI, AND KEN-ICHI YOSHIDA 


Abstract. Let (i?, m) be a two-dimensional regular local ring with infinite residue class 
field. Then the Rees algebra 7 Z(I) = ©„> 0 I n of I is an almost Gorenstein graded ring 
in the sense of [B] for every m-primary integrally closed ideal I in R. 


1. Introduction 

The main purpose of this paper is to prove the following. 

Theorem 1.1. Let (R, m) be a two-dimensional regular local ring with infinite residue 
class field and I an m-primary integrally closed ideal in R. Then the Rees algebra 77(J) = 
0 n>o / n of I is an almost Gorenstein graded ring. 

As a direct consequence one has the following. 

Corollary 1.2. Let (R, m) be a two-dimensional regular local ring with infinite residue 
class field. Then 77(m £ ) is an almost Gorenstein graded ring for every integer l > 0. 

The proof of Theorem 1.1 depends on a result of J. Verma [T9] which guarantees the 
existence of joint reductions with joint reduction number zero. Therefore our method of 
proof works also for two-dimensional rational singularities, which we shall discuss in the 
forthcoming paper (7[. Here, before entering details, let us recall the notion of almost 
Gorenstein graded/local ring as well as some historical notes about it. 

Almost Gorenstein rings are a new class of Cohen-Macaulay rings, which are not nec¬ 
essarily Gorenstein, but still good, possibly next to the Gorenstein rings. The notion 
of these local rings dates back to the paper pj of V. Barucci and R. Froberg in 1997, 
where they dealt with one-dimensional analytically unramified local rings. Because their 
notion is not flexible enough to analyze analytically ramified rings, in 2013 S. Goto, N. 
Matsuoka, and T. T. Phuong [T] extended the notion to arbitrary (but still of dimension 
one) Cohen-Macaulay local rings. The reader may consult [3] for examples of analytically 
ramified almost Gorenstein local rings. In 2015 S. Goto, R. Takahashi, and N. Taniguchi 
[6] finally gave the definition of almost Gorenstein graded/local rings of higher dimension. 
In [6] the authors developed a very nice theory, exploring many concrete examples. We 
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recall here the definition of almost Gorenstein graded rings given in [6]. We refer to [6} 
Definition 1.1] for the definition of almost Gorenstein local rings. 

Definition 1.3 ([SI Definition 1.5]). Let R = 0„> o Rn be a Cohen-Macanlay graded ring 
such that R 0 is a local ring. Suppose that R possesses the graded canonical module K^. 
Let DJI be the unique graded maximal ideal of R and a = a (R) the a-invariant of R. Then 
we say that R is an almost Gorenstein graded ring, if there exists an exact sequence 

0 —y R —y K R (-a) -a- C -> 0 

of graded R- modules such that Hr{C) = e^C), where (J,r(C) denotes the number of 
elements in a minimal system of generators of C and e^(C') is the multiplicity of C with 
respect to DJI. Remember that K r(—o) stands for the graded R-module whose underlying 
R-module is the same as that of K/j and whose grading is given by [Kr(— a)\ n = [K/j] n _ a 
for all n G Z. 

Definition II .31 means that if R is an almost Gorenstein graded ring, then even though R 
is not a Gorenstein ring, R can be embedded into the graded R-module Kr(— a), so that 
the difference Kr(— a)/R is a graded Ulrich R-module ([3]) and behaves well. The reader 
may consult {6J about the basic theory of almost Gorenstein graded/local rings and the 
relation between the graded theory and the local theory, as well. For instance, it is shown 
in [6] that certain Cohen-Macaulay local rings of finite Cohen-Macaulay representation 
type, including two-dimensional rational singularities, are almost Gorenstein local rings. 
The almost Gorenstein local rings which are not Gorenstein are G-regular (p, Corollary 
4.5]) in the sense of [ITT] . They are now getting revealed to enjoy good properties. 

The theory of Rees algebras has been satisfactorily developed and nowadays one knows 
many Cohen-Macaulay Rees algebras (see, e.g., [sum mm)- Among them Gorenstein 
Rees algebras are rather rare (D2D- Nevertheless, although they are not Gorenstein, 
some of Cohen-Macaulay Rees algebras are still good and could be almost Gorenstein 
rings, which we are eager to report in this paper. Except [6, Theorems 8.2, 8.3], our 
Theorem 1.1 is the first attempt to answer the question of when the Rees algebras are 
almost Gorenstein graded rings. For these reasons our Theorem 1.1 might have some 
significance. 

We briefly explain how this paper is organized. The proof of Theorem 1.1 shall be 
given in Section 2. For the Rees algebras of modules over two-dimensional regular local 
rings we have a similar result, which we give in Section 2 (Corollary 12.71) . In Section 

3 we explore the case where the ideals are linearly presented over power series rings. 
The result (Theorem 13.11) seems to suggest that almost Gorenstein Rees algebras are still 
rare, when the dimension of base rings is greater than two, which we shall discuss in the 
forthcoming paper [8]. In Section 4 we study the Rees algebras of socle ideals Q : m in a 
two-dimensional regular local ring (R, m) and show that Rees algebras are not necessarily 
almost Gorenstein graded rings even for these ideals (Corollary 14.51) . 

In what follows, unless otherwise specified, let (R, m) denote a Cohen-Macaulay local 
ring. For each finitely generated R-module M let hr(M) (resp. e°(M)) denote the 
number of elements in a minimal system of generators for M (resp. the multiplicity of M 
with respect to m). Let K r stand for the canonical module of R. 
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2. Proof of Theorem 1.1 

The purpose of this section is to prove Theorem 1.1. Let (R, m) be a Gorenstein local 
ring with dim R = 2 and let / C R be an m-primary ideal of R. Assume that / contains 
a parameter ideal Q = (a, b ) of R such that I 2 = QI. We set J = Q : I. Let 

IZ = R[It] C R[t] and T = R[Qt] C R[t], 

where t stands for an indeterminate over R. Remember that the Rees algebra IZ of / 
is a Cohen-Macaulay ring ([5]) with &(IZ) = —1 and IZ = T + T-It , while the Rees 
algebra T of Q is a Gorenstein ring of dimension 3 and a (T) = —1 (remember that 
T = R[x,y]/(bx — ay)). Hence Kr(l) = T as a graded T-module, where K t denotes the 
graded canonical module of T. 

Let us begin with the following, which is a special case of [IB] Theorem 2.7 (a)]. We 
note a brief proof. 

Proposition 2.1. K^(l) = J1Z as a graded IZ-module. 

Proof. Since IZ is a module-finite extension of T, we get 

Kfl(l) = Hom T (ft,K T )(l) = Hom r (ft,T) = T : F IZ 

as graded "/^.-modules, where F = Q(T) = Q(77.) is the total ring of fractions. Therefore 
T : F 1Z = T : F It, since 7 Z = T + T-It. Because Q n fl [Q n+l : I] = Q n [Q : I] for all n > 0, 
we have T It = JT. Hence T : F 7Z = JT, so that JT = JIZ. Thus K-^(l) = JIZ as a 
graded 77.-module. □ 

Corollary 2.2. The ideal J — Q : I in R is integrally closed, iflZisa normal ring. 

Proof. Since JIZ = K^(l), the ideal JIZ of IZ is unmixed and of height one. Therefore, if 
IZ is a normal ring, JIZ must be integrally closed in IZ , whence J is integrally closed in 
R because J C JIZ , where J denotes the integral closure of J. □ 

Let us give the following criterion for IZ to be a special kind of almost Gorenstein 
graded rings. Notice that Condition (2) in Theorem 12.31 requires the existence of joint 
reductions of m, /, and J with reduction number zero (cf. [19]). 

Theorem 2.3. With the same notation as above, set = mIZ + IZ + , the graded maximal 
ideal ofIZ. Then the following conditions are equivalent. 

(1) There exists an exact sequence 

0 ^IZ^ Ktj(I) C -A 0 

of graded IZ-modules such that DJIC = ( f, rf)C for some homogeneous elements of 

m. 

(2) There exist elements f G m, g G I, and h G J such that 

IJ — gJ + Ih and mi = f J + m h. 

When this is the case, IZ is an almost Gorenstein graded ring. 
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Proof. (2) =>• (1) Notice that Tl-JTZ C ( f,gt)-JTZ + Tlh, since IJ = gJ + Ih and mJ = 
/ J + m h. Consider the exact sequence 

m^>c o 

of graded 7?.-modules where <^(1) = h. We then have TIC = ( f,gt)C, so that 
clinic C<jjx < 2. Hence by |6( Lemma 3.1] the homomorphism ip is injective and TZ is 
an almost Gorenstein graded ring. 

(1) (2) Suppose that TZ is a Gorenstein ring. Then Hr(J) = 1, since K^(l) = JTZ. 

Hence J = R as m C \fj, so that choosing h = 1 and f — g — 0, we get IJ = gJ + Ih 
and mJ = /J + m h. 

Suppose that TZ is not a Gorenstein ring and consider the exact sequence 

of graded 7?.-modules with C ^ (0) and TIC = (C,,g)C for some homogeneous elements 
f, 7] of Tt. Hence TZm is an almost Gorenstein local ring in the sense of [BJ Definition 3.3]. 
We set h = <^(1) e J, m = deg£, and n = degr^; hence C = JTZ/TZh. Remember that 
h fL mJ, since TZm is not a regular local ring (see [6, Corollary 3.10]). If min{m, n} > 0, 
then TIC C 7Z + C, whence mCo = (0) (notice that [7^ + C]o = (0), as C — TZC 0 ). Therefore 
mJ C (/i), so that we have J = (h) = R. Thus 7 Zh = JTZ and TZ is a Gorenstein ring, 
which is impossible. Assume m = 0. If n = 0, then TIC = mC since £, g G m, so that 

Ci C 7^ + Co C mC 

and therefore Ci = (0) by Nakayama’s lemma. Hence IJ — Ih as [JTZ]i = (p(TZi), which 
shows (h) is a reduction of J, so that (h) = R = J. Therefore TZ is a Gorenstein ring, 
which is impossible. If n > 2, then because 

an- JTZ C f JTZ + rj- JTZ + Tlh, 

we get IJ C £IJ + Ih, whence IJ = Ih. This is impossible as we have shown above. 
Hence n — 1. Let us write r) = gt with g G / and take / = £. We then have 

Tl-JTZ C (/, gt)-JTZ + Tlh, 

whence mJ C /J + 7?h. Because h ^ mJ, we get mi C /J + mh, so that mi = fJ + m/i, 
while IJ = gJ + Ih, because IJ C //J + gJ + Ih. This completes the proof of Theorem 

E31 □ 

Let us explore two examples to show how Theorem 12.31 works. 

Example 2.4. Let S = k[[x, y, z]] be the formal power series ring over an infinite field 
k. Let n = ( x,y,z) and choose / G n 2 \ n 3 . We set R = S/(f) and m = n/(/). Then 
for every integer I > 0 the Rees algebra Him 1 ) of is an almost Gorenstein graded ring 
and r(7 1) =2^+1, where r(7 1) denotes the Cohen-Macaulay type of 7 1. 

Proof. Since e°(7?) = 2, we have m 2 = (a, b)m for some elements a, b 6 m. Let I > 0 be 
an integer and set / = m ( and Q = ( a £ ,b e ). We then have I 2 = QI and Q : I = I, so 
that TZ = 7 1(1) is a Cohen-Macaulay ring and K-^(l) = ITZ by Proposition 12.11 whence 
r(7 1) = Hr(I) =21+1. Because m £+1 = am f + b e m and Q : I = I = m f , by Theorem 12.31 
TZ is an almost Gorenstein graded ring. □ 
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Example 2.5. Let (R, m) be a two-dimensional regular local ring with m = (x,y). Let 
1 < m < n be integers and set / = (x m ) + m n . Then 7 Z(I) is an almost Gorenstein graded 
ring. 

Proof. We may assume m > 1. We set Q = (x m ,y n ) and J — Q : I. Then Q C I and 
/ 2 = QI. Since I = (x rn ) + | 0 < i < m — 1), we get 

m— 1 

J = Q: (aV‘ | 0 < i < m - 1) = [(x m , y n ) : Py^] 

2—1 
m— 1 

2—1 

= m m_1 . 

Take / = x G m, g = x m G I, and h = y m_1 G J = m m_1 . We then have mJ = fJ + m h 
and IJ = Ih + gJ, so that by Theorem 12. 3\ 7Z(I) is an almost Gorenstein graded ring. □ 

To prove Theorem 1.1 we need a result of J. Verrna [19j about joint reductions of 
integrally closed ideals. Let (i?, m) be a Noetherian local ring. Let / and J be ideals of 
R and let a G / and b G J. Then we say that a, b are a joint reduction of /, J if a J + lb is 
a reduction of IJ. Joint reductions always exist (see, e.g., [15]), if the residue class field 
of R is infinite. We furthermore have the following. 

Theorem 2.6 (|19j Theorem 2.1]). Let (i?, m) be a two-dimensional regular local ring. 
Let I and J be m-primary ideals of R. Assume that a,b are a joint reduction of I, J. 
Then IJ — aJ + lb, if I and J are integrally closed. 

We are now ready to prove Theorem 1.1. 

Proof of Theorem 1.1. Let (i?, m) be a two-dimensional regular local ring with infinite 
residue class field and let / be an m-primary integrally closed ideal in R. We choose 
a parameter ideal Q of R so that Q C / and I 2 = QI (this choice is possible; see [21, 
Appendix 5] or [9]). Therefore the Rees algebra IZ = 7 Z(I) is a Cohen-Macaulay ring ([5]). 
Because IZ is a normal ring ( |21] ), by Corollary 12.21 J — Q : I is an integrally closed ideal 
in R. Consequently, choosing three elements / G m, g G I, and h G J so that /, h are a 
joint reduction of m, J and g, h are a joint reduction of /, J, we readily get by Theorem 
12.61 the equalities 

mJ = fJ + mg and IJ = gJ + Ih 

stated in Condition (2) of Theorem 12.31 Thus 7 Z = 7 Z(I) is an almost Gorenstein graded 
ring. □ 

We now explore the almost Gorenstein property of the Rees algebras of modules. To 
state the result we need additional notation. For the rest of this section let (7?, m) be a two- 
dimensional regular local ring with infinite residue class field. Let M ^ (0) be a finitely 
generated torsion-free A-module and assume that M is non-free. Let (—)* = Hom^(—, R). 
Then F = M** is a finitely generated free 7?-module and we get a canonical exact sequence 
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of A-modules with C ^ (0) and £r(C) < oo. Let Sym(M) and Syrn(F) denote the 
symmetric algebras of M and F respectively and let Sym(<p>) : Syrn(M) —> Syrn(F) be the 
homomorphism induced from tp : M —>• F. Then the Rees algebra 7 Z(M) of M is defined 
by 


K(M) = Im 


Sym(M) Syrn(F) 


([16]). Hence 7 Z(M) = Sym (M)/T where T = t(Sym(M)) denotes the torsion part of 
Sym(M), so that M = [TZ(M)\i is an R-submodule of TZ(M). Let x E F. Then we say 
that x is integral over M, if it satisfies an integral equation 


x n + cix n 1 -f-h c n = 0 


in the symmetric algebra Sym(F) with n > 0 and c t E M l for each 1 < i < n. Let M be 
the set of elements of F which are integral over M. Then M forms an R-submodule of F, 
which is called the integral closure of M. We say that M is integrally closed , if M — M. 
With this notation we have the following. 


Corollary 2.7. Let = mlZ(M) +7 Z(M) + be the unique graded maximal ideal ofTZ(M) 
and suppose that M is integrally closed. Then 7 Z(M) m is an almost Gorenstein local ring 
in the sense of [6]. 

Proof. Let U = R[xi,x 2 , ..., x n \ be the polynomial ring with sufficiently large n > 0 and 
set S = U m jj. We denote by n the maximal ideal of S. Then thanks to [16j Theorem 3.5] 
and m Theorem 3.6], we can find some elements /i, / 2 ,..., f r ~ i € S®rM (r = rank rF) 
and an n-primary integrally closed ideal / in S, so that fi, f 2 , ■.., f r ~i form a regular 
sequence in 7 Z(S ®r M) and 

72.(5' ® R M)/ (/,, / 2 , • • •, f r ~i) = 72.(7) 

as a graded S'-algebra. Therefore, because 7 Z(I) is an almost Gorenstein graded ring 
by Theorem 1.1, S ®r 7 Z(M) = 7Z(S ®r M ) is an almost Gorenstein graded ring (cf. 
[6], Theorem 3.7 (1)]). Consequently is an almost Gorenstein local ring by [H 

Theorem 3.9]. □ 


3. Almost Gorenstein property in Rees algebras of ideals with linear 

PRESENTATION MATRICES 

Let R = k[[x i, x 2 ,..., Xd]\ (d > 2) be the formal power series ring over an infinite held 
k. Let I be a perfect ideal of R with grade^ I = 2, possessing a linear presentation matrix 
V 

0 —>• R®^- 1 ) 4 R® n -E I -E 0, 

that is each entry of the matrix is contained in Y2i=i ^ x i■ We set n = Hr(I) and 
m = (xi,x 2 , ■ ■ ■, Xd)\ hence I = m" -1 if d = 2. In what follows we assume that n > d and 
that our ideal / satisfies the condition (G^) of P, that is Pr v (IR v ) < dim R v for every 
p E V(J) \ {m}. Then thanks to [H, Theorem 1.3] and [ill] Proposition 2.3], the Rees 
algebra 1Z = TZ(I) of / is a Cohen-Macaulay ring with a (JZ) = —1 and 

K n (l) ^ m n ~ d 1Z 


as a graded R-module. 
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We are interested in the question of when 7Z is an almost Gorenstein ring. Our answer is 
the following, which suggests almost Gorenstein Rees algebras might be rare in dimension 
greater than two. 


Theorem 3.1. Let DJI be the graded maximal ideal of 71. Then IZyn is an almost Goren¬ 
stein local ring if and only if d = 2. 


Proof. If d = 2, then / = m" -1 and so 7 Z is an almost Gorenstein graded ring (Corollary 
II.2H . We assume that d > 2 and that 7 Zm is an almost Gorenstein local ring. The goal is 
to produce a contradiction. Let Aj = (—l) l+1 det^j for each 1 < i < n, where p>i stands 
for the (n — 1) x (n — 1) matrix which is obtained from ip by deleting the i-th row. Hence 
/ = (Ai, A 2 ,..., A n ) and the ideal / has a presentation 


(*) 0AE® M 4fi® n[AlA -^ A " ] /A0. 

Notice that 7Z is not a Gorenstein ring, since r(7Z) = /j, R (m n ~ ~ d ) = Q-J) > l. We set 
A = 7 Z<rn and n = 0JL4; hence K A = [K k ] ot . We take an exact sequence 


of H-modules such that C ^ (0) and C is an Ulrich H-module. Let / = 0(1). Then 
/ 7 L nK^ by P Corollary 3.10] and we get the exact sequence 

(**) 0 —» nf —> uKa —> nC —> 0. 


Because nC = (/i, fz, • • •, fd)C for some f\ , / 2 , ■ ■ ■, fd G n ([6) Proposition 2.2]) and 
^(n) = d + n, we get by the exact sequence (**) that 


linifTAKn) = PA(nK A ) < (d + n) + d- (r(H) - 1) 


n — 1 

d- 1 


+ n, 


while 

K n ) = ia R (m n ~ d+1 ) + m (xn n ~ d I) = ( n _ J + y R (m n ~ d I) 
since 011 = (m,It)TZ and K^(l) = m n ~ d 7Z. Consequently we have 


/Mm"- d J) < d 


n — 1 

d- 1 


n 


n 

d- 1 


To estimate the number /j, R ( m n d I ) from below, we consider the homomorphism 

0 : m n_d ® R / -> m n ~ d I 

defined by x ® y n- xy and set X = Ker 0. Let x G X and write x = Ylt=i Xi ® ^ w ifh 
Xi G m n ~ d . Then since x^A* = 0 in 77 and since every entry of the matrix p> is linear, 
the presentation (*) of I guarantees the existence of elements yj G (1 < j < n — 1) 

such that 


f x A 


(Vi\ 

X2 

= 7 

V2 

VW 


XVn-lJ 
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Hence X is a homomorphic image of [m n d 1 ]®( n b and therefore 

r n — 2 N 


in the exact sequence 
Consequently 


^r(X) < (n - 1) 4 d _ i 
0 ->• X ->• m n_d <g> R / -A m n_d J -A 0. 




d-1 ' 


so that 


0 < 


n — 1 
d — 1 


d 

(d — n ) 


+ n 

n — 1 
d — 1 


n 
d — 1 


n 


n — 1 
d — 1 


(n - 1) 


71 — 2 

d — 1 


+ ( n _ 1) 


71 — 2 

d — 1 



( n Y 

+ 

71 — ( 

L w-yj 


= 71 


77, 


< 0 


y-1, 

which is the required contradiction. Thus A is not an almost Gorenstein local ring, if 
d > 2. □ 


Before closing this section, let us note one concrete example. 

Example 3.2. Let R = k[[x, y, z]\ be the formal power series ring over an infinite field k. 
We set / = (x 2 y, y 2 z, z 2 x, xyz) and Q = (x 2 y, y 2 z, z 2 x). Then Q is a minimal reduction 
of I with redg(J) = 2. The ideal / has a presentation of the form 

0 ->■ R m 4 R m I 0 

/i00\ 

with if = ( o o ° ) an d it is direct to check that / satisfies all the conditions required 

V y z x J 

for Theorem 13.11 Hence Theorem 13.11 shows that 7 Z(I) cannot be an almost Gorenstein 
graded ring, while Q is not a perfect ideal of R but its Rees algebra 7 Z(Q) is an almost 
Gorenstein graded ring with r(7Z) = 2; see [13]. 


4. The Rees algebras of socle ideals / = (a, b) : m 

Throughout this section let (7?, m) denote a two-dimensional regular local ring and let 
Q = (a, b ) be a parameter ideal of R. We set / = Q : m, 1Z = 7 Z(I), and OTt = m7 Z + 1Z + . 
In this section we are interested in the question of when lZy\ is an almost Gorenstein local 
ring. If Q <2 m 2 , then Q : m is a parameter ideal of R (or the whole ring R) and 1Z is a 
Gorenstein ring. 

Assume that Q C rrr. Hence / 2 = QI (see e.g., [20]) with /Ur(/) = 3. We write 
/ = (a, b, c ). Then since xc , yc 6 Q, we get equations 

fia + fi b + xc = 0 and g±a + g 2 b + yc = 0 

with fi,gi G m {i = 1,2). With this notation we have the following. 

Theorem 4.1. If (/i, / 2 , gi, g-i) Q m 2 , theTi is n °t an almost Gorenstein local ring. 
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We divide the proof of Theorem 14.11 into a few steps. Let us begin with the following. 

7i /2 x' 


Lemma 4.2. Let M = 


7i N 


9 1 9 2 y 
0 ->■ R® 2 - 


. Then R/I has a minimal free resolution 


R m R R /j o. 


9 1 


Proof. Let f = f 2 and g = I g 2 I . Then f , g G m-R ® 3 . As f , g mod m 2 -i?® 3 


are 


x 


linearly independent over R/ m, the complex 

i?® 3 {a -^4 ] R R/I 0 

is exact and gives rise to a minimal free resolution of R/I. 


□ 


Let S = R[X, Y, Z] be the polynomial ring and let cp : S —> TZ — R[It] (t an indeter¬ 
minate) be the A-algebra map dehned by <p(X) = at, <p(Y) = bt, and <p(Z) = ct. Let 
K = Ker</?. Since c 2 G QI, we have a relation of the form 

c 2 = a 2 / + b 2 g + abh + bci + caj 


with f,g,h,i,j G R. We set 

F = Z 2 - (fX 2 + gY 2 + hXY + iYZ + jZX) , 
G = fiX + f 2 Y + xZ, 

H = g x X + g 2 Y + yZ. 


Notice that F G S 2 and G, H E S i. 


Proposition 4.3. 1Z has a minimal graded free resolution of the form 

0 -A- S(- 2) ® S(-2) ^7 S(-2) © S(-l) 0 «S(-1) [F ^ ] 5 -> TZ -A 0, 

so that the graded canonical module of TZ has a presentation 

S(-l) © S(- 2) © <S(—2) A <S(—1) © <S(-1) —> Kk -e 0. 

Proof. We have K = SKi + (F) (remember that / 2 = QI and c 2 G QI). Hence TZ has a 
minimal graded free resolution of the form 

(*) 0 ->■ S(-m) © S(-£) A S(-2) © <S(-1) © <S(-1) [F ^ ] S^IZ^ 0 

with m,£> 1. We take the S(— 3)-dual of the resolution (*). Then as Ks = S(— 3), we 
get the presentation 


5(-l) © S{-2) © S{-2) ^7 S/m - 3) © S{£ - 3) -A -A 0 

of the canonical module K n of TZ. Hence m, £ < 2 because a,(TZ) = —1. Assume that 

0 ^ 

m — 1. Then the matrix has the form = I a 2 /3 2 I with a 2 ,a 3 G R- We have 


7i N 


v «3 /? 3 , 

'9i 


a 2 G + a 3 H = 0, or equivalently a 2 \ f 2 + a 3 \ g 2 \ =0, whence a 2 = a 3 = 0 by 


x 


y 
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Lemma [4.21 This is impossible, whence m = 2. We similarly have l = 2 and the assertion 
follows. □ 


We are now ready to prove Theorem 14.11 


Then Proposition 14.31 shows that Fi,Gi G <Si {i = 1,2) and aq/3 G m. We 


Proof of Theorem 4-l\ Let N be the matrix given by Proposition 14.31 and write N = 
a F x F 2 
P Gi G 2/ 

write Fi = a a X + a i2 Y + a i3 Z and Gi = [3 iX X + /3 i2 Y + p i3 Z with a t] , [3 l3 G R. Let Aj 
denote the determinant of the matrix obtained by deleting the j-th column from N. Then 
by the theorem of Hilbert-Burch we have G = —eA 2 and FI = eA 3 for some unit e of R. 
so that 


(**) (f2\=(eP) 

Hence 



— (ea) 



and 



= ( ea ) 



- (eP) 



x = e (Pa 2 3 - ap 23 ) and y = e ( ap 13 - Pa 13 ), 

which shows (x,y) = (a,P) = m, because (x,y) C (a, P) C m. Therefore if 
(/i, f 2 , gi, g 2 ) C m 2 , then equations (**) above show a l3 , G m for all i , j = 1, 2, whence 

N ={p pZz pllz) mod m2 

where 91 = md> + S + is the graded maximal ideal of S. We set B = 64;. Then it is clear 
that after any elementary row and column operations the matrix N over the regular local 
ring B of dimension 5 is not equivalent to a matrix of the form 

oq a 2 cx 3 
Pi P2 P3 

with aq, a 2 , a 3 a part of a regular system of parameters of B. Hence by [6j Theorem 7.8] 
7 Zm cannot be an almost Gorenstein local ring. □ 


As a consequence of Theorem 14.11 we get the following. 

Corollary 4.4. Suppose that Q = ( a,b ) C m 3 . Then IZw is not an almost Gorenstein 
local ring. 

Proof. We write with f t j G m 2 (■ i,j = 1,2) and set c = 

det ^j 1 . Then Q : c = m and Q : m = Q + (c). We have 

(-/ 22 )a + / 12 & + cx = 0 and f 21 a + (~fn)b + cy = 0. 

Hence by Theorem 14.11 TZm is not an almost Gorenstein local ring. □ 


Corollary 4.5. Let m > n > 2 be integers and set Q = ( x m ,y n ). Then 1Z is an almost 
Gorenstein graded ring if and only if n = 2. 















THE ALMOST GORENSTEIN REES ALGEBRAS OVER TWO-DIMENSIONAL REGULAR LOCAL RINGS 


Proof. Suppose n — 2. Then K = ^ X '^ 2 Y ' Hence ^ © Theorem 7.8] 7Z is 

an almost Gorenstein graded ring. Conversely, suppose that 7Z is an almost Gorenstein 
graded ring. Then n — 2 by Theorem 14.11 because 1Zyi is an almost Gorenstein local 
ring. □ 


References 

ill M. Artin AND M. Nagata, Residual intersections in Cohen-Macaulay rings, J. Math. Kyoto Univ., 
12 (1972), 307-323. 

[2] V. Barucci AND R. Froberg, One-dimensional almost Gorenstein rings, J. Algebra , 188 (1997), 
no. 2, 418-442. 

[3] J. P. Brennan, J. Herzog and B. Ulrich, Maximally generated maximal Cohen-Macaulay 
modules, Math. Scand., 61 (1987), no. 2, 181 203. 

[4] S. Goto, N. Matsuoka and T. T. Phuong, Almost Gorenstein rings, J. Algebra, 379 (2013), 
355-381. 

[5] S. Goto AND Y. Shimoda, On the Rees algebras of Cohen-Macaulay local rings, Commutative 
algebra (Fairfax, Va., 1979), 201-231, Lecture Notes in Pure and Appl. Math., 68, Dekker, New 
York, 1982. 

[6] S. Goto, R. Takahashi AND N. Taniguchi, Almost Gorenstein rings -towards a theory of higher 
dimension, J. Pure Appl. Algebra, 219 (2015), 2666-2712. 

[7] S. Goto, N. Taniguchi and K.-i. Yoshida, The almost Gorenstein Rees algebras of p s -ideals, 
Preprint 2015. 

[8] S. Goto, N. Matsuoka, N. Taniguchi and K.-i. Yoshida, The almost Gorenstein Rees algebras 
of parameters, Preprint 2015. 

[9] C. Huneke, Complete ideals in two-dimensional regular local rings, MSRI Publications, 15 (1989), 
325-338. 

[10] J. Hong AND B. Ulrich, Specialization and Integral Closure, J. London Math. Soc., 90 (3) (2014), 
861-878. 

[11] C. Huneke AND B. Ulrich, Residual intersections, J. reine angew. Math., 390 (1988), 1-20. 

[12] S. Ikeda, On the Gorensteinness of Rees algebras over local rings, Nagoya Math. J., 102 (1986), 
135-154. 

[13] Y. Kamoi, Gorenstein Rees algebras and Huneke-Ulrich ideals, in preparation. 

[14] S. Morey and B. Ulrich, Rees algebras of ideals with low codimension, Proc. Amer. Math. Soc., 
124 (1996), 3653-3661. 

[15] I. Swanson and C. Huneke, Integral Closure of Ideals, Rings, and Modules, Cambridge University 
Press, 2006. 

[16] A. Simis, B. Ulrich and W. V. Vasconcelos, Rees algebras of modules, Proc. London Math. 
Soc., 87 (3) (2003), 610-646. 

[17] R. Takahashi, On G-regular local rings, Comm. Algebra, 36 (2008), no. 12, 4472-4491. 

[18] B. Ulrich, Ideals having the expected reduction number, Amer. J. Math., 118 (1996), no. 1, 17-38. 

[19] J. K. Verma, Joint reductions and Rees algebras, Math. Proc. Camb. Phil. Soc., 109 (1991), 
335-342. 

[20] H.-J. Wang, Links of symbolic powers of prime ideals, Math. Z., 256 (2007), 749-756. 

[21] O. Zariski and P. Samuel, Commutative Algebra Volume II, Springer, 1960. 



12 


SHIRO GOTO, NAOYUKI MATSUOKA, NAOKI TANIGUCHI, AND KEN-ICHI YOSHIDA 


Department of Mathematics, School of Science and Technology, Meiji University, 
1-1-1 Higashi-mita, Tama-ku, Kawasaki 214-8571, Japan 
E-mail address: goto@math.meiji.ac.jp 

Department of Mathematics, School of Science and Technology, Meiji University, 
1-1-1 Higashi-mita, Tama-ku, Kawasaki 214-8571, Japan 
E-mail address: naomatsu@meiji.ac.jp 

Department of Mathematics, School of Science and Technology, Meiji University, 
1-1-1 Higashi-mita, Tama-ku, Kawasaki 214-8571, Japan 
E-mail address: taniguti@math.meiji.ac.jp 

Department of Mathematics, College of Humanities and Sciences, Nihon University, 
3-25-40 Sakurajosui, Setagaya-Ku, Tokyo 156-8550, Japan 
E-mail address: yoshida@math.chs.nihon-u.ac.jp 



